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A new explicit, time splitting algorithm has been developed for finite difference modelling of
the full two and three-dimensional time-dependent, compressible, viscous Navier-Stokes
equations of fluid mechanics. The scheme is optimal in the sense that the split operators
achieve their maximum allowable time step, i.e., the corresponding Courant number. The
algorithm allows a conservation-form formulation. Stability is proven analytically and verified
numerically. In proving stability it was shown that all nine matrix coefficients of the
Navier—Stokes equations are simultaneously symmetrizable by a similarity transformation.
Two such transformations and their resulting symmetric matrix coefficients are presented
explicitly.

I. INTRODUCTION

During the 1970s there has been growing attention paid to the numerical solution
of the full two-dimensional, time-dependent, viscous, compressible Navier—Stokes
equations of fluid mechanics; see inter alia [1-4]. MacCormack and Baldwin [4] use
an explicit time splitting technique, even though the presence of the viscous mixed
derivative term (due to compressibility) does not allow the usual split in the
respective spatial-coordinate directions. They attempted to overcome this difficulty by
apportioning the mixed derivative term among the space-split operators. The resulting
difference operators do not constitute a “classical” split in the sense of Strang [5],
Marchuk [6] and others, in that the norms of these split operators (none of which are
one-dimensional spatially) are not bounded by unity. This complicates the stability
analysis of their second order finite difference scheme and therefore they present only
an estimated stability condition. It turns out, even as seen from the estimated
criterion, that a drawback of their method of splitting is that the time step in each
direction (x, y) is restricted by the mesh size in the other direction. In particular,
when Ax/dy > 1 (typical, for example, in calculations of boundary layers) the
allowed time step, even in the x-direction, diminishes as Ay/Ax.
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In the present paper we propose a new method of splitting which leads, for any
explicit second order accurate finite difference scheme, to optimal time steps in all
directions. The analysis for the (linear) stability of this algorithm is carried out
analytically for the three-dimensional case (from which the results for the two-
dimensional case are, of course, found immediately by reduction). This is made
possible by the construction of a similarity transformation which symmetrizes all the
matrix coefficients of the Navier—Stokes equations simultaneously (there are nine
such coefficients matrices in the three-dimensional case and five in the two-
dimensional case).

In Section II we present the governing three-dimensional fluid dynamic equations
both in conservation and non-conservative forms. We show how the nine matrix coef-
ficients of these Navier—Stokes equations may all be symmetrized simultaneously by
a similarity transformation.

In Section III we present the new method of splitting, which may be used in
conjunction with any finite difference algorithm. We also present one particular three-
dimensional explicit algorithm resulting from the repeated application of the
MacCormack one-dimensional scheme.

The (linear) stability analysis is carried out fully for the three-dimensional case in
Section IV.

In Section V we present numerical evidence to support the conclusions predicted
by the analysis.

In Appendix A we summarize the results of Sections II and III for the two-
dimensional case. This is done to allow ease of application for those interested
primarily in two-dimensional problems.

II. Tue NAVIER-STOKES EQUATIONS

The time-dependent compressible viscous fluid dynamic equations in three-
dimensions, and in the absence of body forces, may be written in conservation form
as

QU OF 0G GH _

9 9L, 2.1
a Tty T 1)

where the transpose of the vector U is given by (p, pu, pv, pw, e), and

pu
pu + T,
puv + 1,
puw + 17,
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The various parameters and dependent variables p, u, v, w, u, 4, e, k, T and p are
respectively the density, the x, y and z components of velocity, the shear and second
coefficients of viscosity, the total energy per unit volume, the coefficient of heat
conduction, the temperature and pressure. An equation of state p = p(e, p) relates the
pressure to the density and the specific internal energy, & = (e/p) — (u* + 0> + w?)/2.

In non-conservative form the Navier—Stokes equations for a perfect gas may be
written as

oV v oV oV
2 a4 4 B i
a xSy >

oV o? o'V oV oV Y
=C—+D—2+K—s+E E E )
o TP TR Gt g T B T B 2

where V is the column vector (p, u, v, w, p) and the coefficient matrices are given by

u p 0 0 O v 0 p 0 O
0 « 0 0 1fp 0 v 0 0 O
A=10 0 u 0O 0O |, B={0 0 v 0 1/}, 2.4)
0 0 0 u O 0 0 0 v O
O y» 0 0 u 0 0 ypp 0 v
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where y is the ratio of specific heats and P, is the Prandt] Number.

It has been shown in the past |7, 8] that in the two-dimensional case the two 4 X 4
“hyperbolic” matrices (corresponding to 4 and B in (2.3)) may be symmetrized
simultaneously. We were motivated to ask whether all nine coefficient matrices in
(2.3) can be symmetrized simultaneously. A systematic way to find out is to start
with the realization that if a set of m X m matrices 4,,...,4,, is to be simultaneously
symmetrizable then there must be a similarity transformation S characterized by the
following: S~'4,S, for some 1< j<n is diagonal and S~ '4,S is symmetric
VICkn If A; does not have multiple eigenvalues we may then start by
constructing a matrix T from the eigenvectors of 4;, and if 4,,..., 4, are indeed
simultaneously symmetrizable, then the most general symmetrizer for 4, is S = T4
for some diagonal matrix A. The diagonal matrix A is then found from the conditions
stemming from the requirement that T~'4,TA? be symmetric for all k + j. Since
there are m(m — 1)(n — 1)/2 equations to determine the n elements of A, there will be
no solution if the set of given matrices is not simultaneously symmetrizable. At first
glance it seems that the above procedure will fail since all nine matrix coefficients
have multiple eigenvalues. A closer inspection will show however that the matrices C,
D and K are “almost” diagonal in that their only non-zero off diagonal term is a
corner element while the multiple eigenvalues, u/p, lie in the inner 3 X 3 minor. Thus
we really have to diagonalize only a 2 X 2 “outer” matrix of the form
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0 0
[_ wp }
P.p* P.p

which has distinct roots. Therefore, the matrix coefficients of the Navier—Stokes
equations meet the conditions stated above and hence can be simultaneously
symmetrized.

We now present two such symmetrizers. The first is derived by first diagonalizing
the matrix 4. The resulting similarity transformation is related to the one given in
|7, 8] and we designate it Sy to indicate that we start with the hyperbolic portion of
the equations.’

bp p O 0

0 ¢ 0 0 -
Sy=|0 0 2 0 0|,

0 0 0 2 0

0 pc 0 0 pc

Loy o o L] )
Bp Bpc?
1 1
0 o 0 0 25t
1
S;'=l 0 0 — 0 0 ,
\/fc
1
0 0 0 0
2¢
1 1
|0 % 0 0 7]

where ¢ = (yp/p)"? is the speed of sound and f=+/2(y—1). For the sake of
completeness the symmetrized matrices are now given:

u 0 0 0 0

0 u+c 0 O 0
Sg'dSy=1]0 0 u 0 0 ,

0 0 0 u 0

0 0 0 0 u—c

! Note that 4 does have a triple eigenvalue, «, and yet our procedure worked.
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It turns out, however, that this form of the symmatrized coefficients is not suitable for
the stability analysis. This point will become evident in Section IV. We therefore
sought another similarity transformation. The construction of this second
symmetrizer is based on the observation that the coefficient matrices C, D and K
commute and are, therefore, simultaneously. diagonalizable. We designate this
similarity transformation by S, to indicate that it is related to the parabolic part of
the equation.

VP 4 o o 0

C

0 100 0
S,=| 0o 01 0 0 ,
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1 0
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These symmetrized matrix coefficients are simpler than those produced by the first
symmetrizer, and are given by
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S;'BS, =
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Notice that the coefficients of the mixed derivatives remain unchanged under the
similarity transformation, being symmetric to being with.

III. THE NEW SPLITTING

If one is interested in time splitting the Navier—Stokes equations, there are several
ways of doing it. MacCormack and Baldwin [4], for example, use the two-
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dimensional version of (2.2) to indicate how to split the two-dimensional conser-
vation form of the Navier—Stokes equations:

=(L,L\L,Ly) V", 3.1)

where V™ is the finite difference vector approximation to U(n 4¢) and L, is the finite
difference operator mapping W(n dt) into W((n + 1)A4¢) using the equations
(OW/ot) + (6F /ox) = 0. Similarly L, maps W(n 4¢t) into W((n + 1) 4r) simulating
(0W/ot) + (6G/éy) = 0. This method means in effect that in the two-aimensional
version of Eq. (2.3) the matrix coefficient of the mixed derivative term, E,, has to be
split in two:

"0 0 0 07 "0 0 0 07
00 %o o0 %o
[Exy,]ZDz u ’ L) [E‘x_vZ]ZD= /{ p
0“0 0 o200
p p
0 0 0 ol (0 0 0 0

Note that because 4 < 0 for real fluids, these matrices have imaginary eigenvalues
and hence cannot be symmetrized at all. Consequently, as may be easily verified,
IL,|| and ||L,| are greater than unity, which means that this kind of split is not
“classical” in the sense of Strang [5].

We now propose a new method of splitting. We first rewrite the conservation-form
equations in the suggestive way

aU

0

-5t (F +FP+FM)+ (GH+G +GM)+ (HH+H + Hy)=10,(3.2)
where the subscripts (H, P, M) denote, respectively, the appropriate hyperbolic,
parabolic and mixed derivative parts of the original flux vectors F, G and H. The new
fluxes are given by

T pu W [ 0 )
ou
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pu+ p A+ ”)ax
Fa= | puwo |, Fp= —u ,
] ox
puw _ ow
'u(?x
ou ov ow or
+ —(A+2 —— U — — W — — k—
_(e p)ud B @+ ”)“ax /wﬁx # ox kax
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This leads to the following time splitting:

Let L, be a finite difference scheme that solves (6U/dt) + (6F/0x) = 0.

Let L, be a finite difference scheme that solves (6U/dt) + (0F,/6x) = 0.

Let L, be a finite difference scheme that solves (0U/dt) + (6Gy/dy) = 0.

Let L, be a finite difference scheme that solve (0U/dt) + (8G,/dy) = 0.

Let L, be a finite difference scheme that solves (6U/dt) + (0H,,/0z) = 0.

Let L., be a finite difference scheme that solves (0U/df) + (6H,/dz) = 0.

Let L,,, be a finite difference scheme that solves (0U/dr) + (OF,/dx) +
(0G/0y) + (0H/02) = 0.
Then the new algorithm is constructed as

u" = { [Lx(Atx) L;}.(Aty) L::(Atz) nyz(Atxyz) Lgx(Atxx) Lgfz(Atyy) LZZQZ(Atzz)]

LS (Ar,) L (A8,) LG (At Lyy(At,,) L) Ly(Ae,) L(4r,)]) U,
(3.6)
where
T, = |4t /4t], 7, = [dt,/4t,], o= |4t /At ], 67)
S*=[dt,/4t,,], Q= dr,/Ar..],

and [-] designates the nearest greater integer, unless the quantity in question happens
to be an integer and then [-] takes this integer value. If we deal with second order
accurate schemes for each of the operators then, within linear stability for each of
them, S, @, o, 7, and 7, take the following meanings:

S = ((r(D)(4x)*/r(C)(4y)*)"?] is related to the mesh stretching, assuming 4x > Ay,

Q = [(r(K)(4x)*/r(C)(42)*]"?] is related to the mesh stretching in the other direction
(dx > Az),

o = [2r(C)/r(4)(dx)] is twice the reciprocal of the cell Reynolds number,
T, = [r(B)(dx)/r(4)(4y)],
T, = [r)(dx)/r(4)(4z)],

581/41/1.2
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where r{4), r(B), r(J), r(C), r(D), r(K) are, respectively, the spectral radii of the coef-
ficient matrices 4, B, J, C, D and K defined in Section II. The above relations
determine (from the point of view of accuracy) 4t,, 4t,, 4t,,, At,, and 4t,, as
functions of 4¢,. The various subscripts of A¢ indicate the corresponding finite
difference operator and thus, for example, A¢, is given by the stability condition of
L., ie, d4t,<Ax/r(A) (at least for all centered second order one-dimensional
schemes). Notice that (3.6) implies that A4¢,,, is taken equal to 4¢,. This very
surprising result is established in Section IV.

We now present an explicit example of an implementation of the above procedure
based on the MacCormack scheme. We start with the hyperbolic split operator in the
x-direction

A n
Uj k= Un (FHj+l kJd FHi.k.I)’
U;"i;(k,l = Ujfk,l (FH] Kl FﬁjAl.k.I)’
Uit =3(Uf e + U}'f?‘,l) =L (4t) Uj - (3.8)

Here we used the standard notation for finite difference schemes. Next consider the
parabolic split operator in the x-direction

A

x _ym xx n
Ui =Ujra— (F —Fy.0)

Pit 1,k
where the x-derivative terms appearing in F}; are expressed by backward differencing;

L - XX
Uj.k.l - U}fk,l ( Pjka P, 1,k_1)’

here, however, the x-derivatives inside F¥ are expressed by forward differencing;
Ui =1l + UF¥ ) =L, (A1) U 4y (3.9)

Js

Similarly, for the hyperbolic split operators in the y and z directions we have
Uikt = Ujxa = y (GH,M ! B

*
U;"fk.l

I

U;.:k [ (G Gz{[j,k~ 1.1)’

Hjk,t

Ui =1(Uja + U}*,k,l)ELy(Aty)U}'.k.:- (3.10)
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and
Ujﬂ:k,l =Uj ki~ (HH, K+l :U.k,l)’
* * A *
U;'fk.l = Uj,k (HHJ kot HHj.k.I¥l)’
Ubii=1(Uhe, + URE ) =L,(d1,) Uf 4 . (3.11)
The parabolic split operators in the y and z directions (with the order of backward

and forward differencing being the same as in the x-split parabolic operator, see
(3.9)) are given by

At
yy n
1 k 11— U"k 1= (GP, kel Pj,k.l)’

At
Uk =U*,  — yy
Jok Uj.k (GP, ki P, k-1 I)

antll = %(Uj" k D= Lyy(Atvy) U (3.12)
and
n A ZZ n
U}'ka U/ ki (HP, ket Pj.k,l)’

U;"fltle;'jk.l_ “ (Hpjkl H;,kl 1)
Uiia=1(U} 0 + U}'fif,:) =L..(dt,,) U". (3.13)
We now come to the definition of L, ,. Since the MacCormack differencing method

cannot be applied in a straightforward manner to the case of mure mixed derivatives,
we propose a differencing algorithm which is MacCormack-like in its structure:

A xyz

(FM,+1 ko F:‘[j—l.k.l)

_ 4t At

xyz (GM, k+ 1,1 G';/[j.k—l.l)

X)’Z n "
(HM, ki+t Mj,k.l—l)’

A4t
*k __prk _ Slayz oy —F*
Ul.k,l - Uj,k,l 2Ux (FMHM,: FMj/l.k.I)

At
xyz * XYZ t 3
(GMJ k41, GMj.kq,l) (HMjk i+1 HMj.k.1_1)9

S
5
I

%(Unk ! + U* l) Enyz(Atxyz) U}’.k,l’ (314)
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where all the derivatives appearing in Fy, F¥, Gy, G, Hy, H} are expressed by
central finite differencing.

We are now in a position to construct algorithm (3.6) unambiguously for the
MacCormack scheme and in a similar vain construct it for other finite difference
schemes.

It may be shown, using the results in [9], that when we use (3.8) to (3.14) to
implement algorithm (3.6), the overall scheme is second order accurate in time and
space. The numerical calculations described in Section V verify this conclusion.

IV. STABILITY ANALYSIS

We now examine the (linear) stability of second order accurate finite difference
approximations to a scalar parabolic partial differential equation which models the
Navier—Stokes system. We then show that the stability criteria which follow from the
study of the scalar case generalize appropriately to the full (linearized) Navier—Stokes
equations.

Consider the model scalar equation with constant coefficients

ou 8 ou ou ou ou 62u

— b— d k—
a-umt ettt R
o’u ’u ’u
. 4.1
T ey T e T oz ex @1
The requirement for parabolicity is that the quadratic form
cw? + dwl + kw} + e, 0,0, + e, w,0; + e, w0, >0, (4.2)

Y —00 < w,;,w,,w; < oo. Necessary (but definitely not sufficient) conditions for
meeting the definition of parabolicity (4.2) (besides having ¢, d and k positive) are

P Y 2 L den? = 02 <« And (4 33)
e,, 0,w; < dwl + kwi = e}, < 4dk, (4.3b)
e, w0, < kol + cwl = el = dke. (4.3c)

We note in passing that in the two-dimensional case (e,, =e,, =0) the necessary

condition e,, < 4cd is also sufficient.

Adding both sides of inequalities (4.3) we get
cw? + dwl + kw} — (e, 0,0, + €, 0,0, + e, W w,) > 0. 4.4)
Comparing (4.4) with (4.2) we finally get a result which is used later,

cw? + dwl + kol — 3 le, 0,0, + e, 0,0; + e, w;w,| > 0. 4.5)
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It is well known that the amplification factor for each split operator is the same for
all three point centered finite difference schemes and is, in fact, the appropriate
Lax—Wendroff one [10]. If we designate by J, the amplification factor corresponding
to L, and similarly for the other split operators, then we have

J.=1+2ia\/1—-a>—212d?, (4.6a)
J, =1+ 2ik,B\/1— B — 2420, (4.6b)
J,=142id,v/1 - —2UH? (4.6¢)
Joo=1—440a’+81% a’ (4.6d)
Jyy=1—144,,B + 812 (4.6¢)
J,=1—4},,v" + 8A2 v, (4.6f)

Joe=1=40gyaf /1= 1= + 2,0 /1= F /T
+ ey T—a /1)
+ 8(hy 0 /1= a? \/T= B + 4,80/ T—F* /1=
+ A0/ T—a* TV, (4.68)

where a =sin(¢/2), f=sin(y/2), v=sin({/2); & n and { being the dual Fourier
variables of the space coordinates x, y, z. Also
A,=adt /Ax, A, =bdt,/A4y, A, =jdt,jdAz,
A =cdt,/(4x), Ay, =d At /(dy)?, A, =kd4t,,/(4z),
Aoy =€, At [Ax Ay, Ay, =e, At [dy Az, A=e, At [Az Ax,
and the various A¢’s are the ones belonging to the split operators indicated by the

subscripts. Note that while the absolute values of J,, J,, J,, J,,, J,,, and J,, are
bounded by unity under their respective one-dimensional stability conditions

lxgl’ 'ly<1’ lzél; 'lx)rg%’ ’lyy<%’ A’zz<%' (47)

J.y: 1 not bounded by 1 and hence, by itself, L, , is unconditionally unstable. The
amplification factor for the whole scheme (3.6) is given by
M = (o T3 T35 T2

We show that even though V 4,,,4,.,4,,, |J,,.| > 1 (for some q, 8, v) M is “stable,”
i.e, M| <1, under conditions (4.7) for A,, 4,, A., A, 4,,, and 4., provided that
Aty < At,. Since under the specified conditions, |/,|< 1, [J,|< 1, |/,]< 1, it is
sufficient to investigate the quantity

M=o I3 TE L 48)

yy®zz
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Now J,,, is of the form J,,, =1 —n + (n?/2), where
n=4@A,0f\/1—a’\/1—F +2,.pv\/1-F/1-V
+A,vay/1—v'\/1—a?). 4.9)

Notice that n may be either positive or negative, and we carry the stability
investigation for either case separately. Consider first the case of n < 0, then

gl =1—n+ (n?/2)<e™" (4.10)
Next we evaluate |J,,.| for n >0 (note that J,,, >0 Vn),
|zl =1 —n+ (n*/2) <2 (4.11)
Referring to (4.6) we have
Ja=1—h<ge™ with 0<h=44,,0a%1—21,,.0") <41, a*(1—-a’)<3,
Jy=1-I<e™, with 0<1=44,,8%(1 —24,,8%) < 44,,8°(1 — ) < 4.
J,=1l—m<e™,  with 0<m=44,v*(1—21,,v")<44,,v*(1 —v) <3
Therefore
J2 IS T2 exp{—4o[d,, @ (1 — a?) + A,,B%(1 — %) 87 + 4, (1 = v*) @*]).
Using the definitions of A,,, 4,,, 4,., 6, S* and Q* we have
[ x5 % < exp{—cw] — dow) — kw3, (4.12)
where we have defined
w, =2a \/IT(? \/ZTX/Ax,
w, =28\/1— B*\/4t,/4y, (4.13)
w; =2y \/_ITF \/R/Az.
We are now ready to consider the two cases of negative and positive n.

(i) Case n<0. Combining (4.10) and (4.12) and using definitions (4.9) and
(4.13) we have

M< exp{—[(Atxyz/Atx)(exywlw2 + eyzw2w3 + ezwawl) + C(l)f + d(,l)g + kwg] }
(4.14)
By referring to the definition of parabolicity (4.2), we get

ML, (4.15)

provided that 4z, . < At, as claimed above.
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(i) Case n>0. Combining (4.11) and (4.12) and using the same definitions
we have

M < exp{‘[v%(Atxyz/Atx)(exywlwz + eyzw2w3 + ezwawl) + CQ)% + dﬂ)% + kw%] }
By referring to (4.5), we again get
M<1,

with the same restriction, i.e., 4¢,,, < 4¢,.

Thus the scalar case analysis is completed and we have established the (linear)
stability of the model equation (4.1) when solved numerically using algorithm (3.6)
with At, . = At, and conditions (4.7). It should be noted in passing that in the two-
dimensional case (j =k =e,, =e, = 0) the stability analysis goes over much more
readily because the necessary condition for parabolicity (eiy < 4cd) is also sufficient.

It remains to show that the stability of algorithm (3.6) applied to the
Navier-Stokes equations follows from the above scalar analysis. Consider the L,
norm of (3.6)

U™ 2 <N L Ll L L LY LEELGTLY LYLYL, || - U] (4.16)
Now, after symmetrization the norms of the hyperbolic operators L,, L, L, are less
than (or equal to) unity under conditions (4.7), and thus
1O ) DL Ly LI LA LILELE ) - | U7
=|LGLY LI L |- U7,

xyz

where the last equality is due to the parabolicity and symmetry of the indicated split
operators. The requirement for stability is then

ILS LISLICL .| < L. (4.17)

The corresponding amplification matrix is found from (4.6d}-(4.6g) by replacing
the various scalar coefficients in the A’s by the appropriate corresponding matrix
coefficients

N=Jo T3 T2 s
where, as indicated above,
A= (A1 /(Ax)") S, 'CSp, Ay, =(d1,,/(4y)") Sy 'DS,,
A..=(41../(4z)") S 'KS,,
Aoy = Ay, /Ax Ay) Sy 'E, Sy, Ay, = (dt,,,/Ay 42) ST 'E,. S,
Ay = (dt,,,/(dz 4x)) S; 'E, . S,.
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Notice that the matrices J,,, J,,, J,,, J,,, have the structure

1,0 0 00 1,0 0 0 0
___I __________ ' ________
0! 01
Jox = 0: ’ Jyy = 0: ’
0 01
Lol T, _ Lol J,
'1:0000‘ ’1:0000"
_0~| _________ : .
] |
Jo=] o1 v Jee= [ ,
| |
0, 0,
L 0 J,. i .0 | Jyz i

where the lower 4 X 4 matrices Jxx, Jyy, J.,, nyz depend only on the 4 X 4 lower

matrices C, D, K, E,,, E,,, E,, which appear in S;'CS,, S;'DS,, S;'KS,,
Sy'E,,Sp, S;'E,,S, and S;'E, . S,. As a consequence the amplification matrlxN
also has a similar structure.

|
I
|
|
: . (4.18)
l
| i o Jo a k4
. N =Jo Jo5T2T

The stability requirement (4.17) is equivalent to || N|| < 1. It is readily seen from
(4.18) that

[Nl = max{1; | N{l}.
If we can show that | N|| = || J%,Jo J°2T,,. < 1, then the stability of the algorithm
would have been established. We proceed as follows:
”N“ ” xyz” : ”fxx“a . ||'7yy|las2 : ”'Zz”on'

Since J, ., J, vy and J,, are symmetric we may replace their norms by their respective
spectral radii

TN S ATyl 7o) 175 (T) ro2°(UL0)- (4.19)
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If we identify 4,,, A,, and A,, respectively with (dt,,/(4x)*) C;, (dt,,/(4y)*) D,,
(dt,,/(4z)*) K;, where C;, D, and K, are any one of the eigenvalues of the indicated
coefficient matrices, then by (4.12) we may replace (4.19) by

1A < Tyl - expi~(C, 0] + D, ] + K;w3)}. (4.20)

From (4.6g),
[Tyl =111 = 7+ (7/2)]
where
A= (E, 0w +E, 0,05+ E, 0,0)dt,./4t), (4.21)
and now we estimate
1oyl < 14 [N+ (1821/2) = 1 + r(7) + (FP()/2) < 7. (4.22)
Substituting (4.22) into (4.20) leads to the requirement for stability
r(i) < c;w} + D, w3 + K05, (4.23)
In our case, HE,,)=r(E,,)=r(E.)= (1 +u)/p and so (4.23) becomes

()AL (A + u)/p) (@, 0, + 0, 0; + w3 0,)
< C;0} + D;w} + K03, (4.24)

where w,, w,, w, are now taken to be positive. Since (4 + u)/p is smaller than any of
the C/s, D/’s, and K;s ((A + 2u)/p, u/p, yu/P,p), inequality (4.24), with At ,, < 4t,,
is always valid. Thus stability has been established for the Navier-Stokes equations.

V. NUMERICAL RESULTS

In this section we would like to present some numerical experiments with algorithm
(3.6) and (A.3.6). We start by considering the scalar two-dimensional equation

U=y + Uy + Uy, 1<x,y<K2, (5.1)
with initial conditions
u(x, y,0)=cos 2xn(x — p), (5.2)
and periodic boundary conditions

u(l, v, y=u(2, y, 1),

u(x, 1, £) = u(x, 2, t). (5.3)
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The analytic solution of (5.1)—(5.3) is given by

—4nt

ux, y,t)=e cos 27(x — y). (5.4)

We attempted to solve numerically Eqs. (5.1)-(5.3) using the algorithm defined by
(A.3.6)-(A.3.12). Since (5.1) defines a parabolic equation without any “hyperbolic”
term we have to set Ar,=At, =0 in (A.3.6). For this same reason we take
dt,, = 4t,,. The other equantities appearing in (A3.6) are taken to be

Aty =dt,, o=1, S=Ax/dy, A1, =S At,,. (5.5)

We advanced the solution from =0 to ¢t = 0.1 with different values for Ax and S.
The results are summarized in Table I. The first column gives the number of points in
the x-direction, the second gives the number of points in the y-direction. The third
column gives the value of S. The fourth column consists of the relative L, errors, that
is, the L, norm of the error of the numerical results divided by the L, norms of the
analytic solution. The fifth column gives the maximum error.

It is clear from Table I that algorithm (A.3.6) is stable. Moreover comparing the
L, error for a mesh of 30 X 60 and that of 40 X 80 one gets the factor 0.98 X (3)°
which demonstrates the second order accuracy of the algorithm.

The second problem to be considered is the three-dimensional equation

ul = uxx + uyy + uzz + uxy + uyz + uxz’ (56)
with
u(x, y,z,0)=cos 2n(x — y) + cos 2a(x —z) + cos 2n(y — z) + 1,

and periodic boundary conditions in the cube 1 < x, y,z < 2.
The solution to (5.6) is given by

u(x, y,z,)=1+e *""[u(x, y,z,0)— 1]. (5.7)

We solve numerically equation (5.6) using algorithm (3.6)-(3.11) with 4¢, = At =
at, =0,

a=1, Adt,=3dx), A4t =41, A4dt,,=S"'4t,, d4t,,=Q 4t

TABLE 1
1 1
P —A; S L, error max. error
20 20 1 48x 1077 1.7x10°°
20 20 2 3x 1077 1x30°°
30 60 2 1.4 x 1072 5.1x10°*
40 80 2 8x10°° 29x%x10°°
20 80 4 2.6x 1077 8.6 x 10°¢
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TABLE II

1 1 1
— —— — N Q L, error max. error
a4x Ay Az

10 20 80 2 4 1.8x 107° 6.7 x 107"
10 10 10 1 1 28%x107° 1.2x107°
20 20 20 1 1 9.8 x 107" 3.8x 1077
30 30 30 1 1 46 x 107* 1.7x 10

for different values of x, S, and Q and integrating between t =0 and ¢=0.1. The
results are summarized in Table II. It is evident from Table II that the algorithm is
stable. Moreover comparing the L, error for the mesh of 20 X 20 X 20 and that for
the mesh of 30 X 30 X 30, one obtains a reduction by the factor of 0.95 X (3)? which
verifies the second order accuracy of (3.6).

VI. SUMMARY
The following results have been presented in this paper:

1. A similarity transformation has been found that symmetrizes simultaneously
all nine matrix coefficients of the full three-dimensional Navier—Stokes equations (see
Eq. (2.7)).

2. A new time splitting algorithm (see (3.6)) has been constructed which has the
following properties:

(i) It is second order accurate in time and has the spatial accuracy of its
component operators all of which are one dimensional and either purely hyperbolic
or purely parabolic (with the exception of the mixed derivatives operator).

(i) For any explicit, centered, second order accurate finite difference scheme
(such as Lax-Wendroff of MacCormack) the stability of the algorithm has been
proven analytically and verified by numerical experiments.

(iii) This stability is achieved with optimal time-steps for all the one-
dimensional operators with the surprising result that the mixed derivatives operator
may be advanced with a time-step equal to the largest of the others.

3. This algorithm can be cast in conservation form (see Egs. (3.2)~(3.5) and also

(3.8)-(3.14)).
APPENDIX A: THE Two-DIMENSIONAL CASE

Al The Two-Dimensional Navier-Stokes Equations
The equations corresponding to (2.1) and (2.2) are

U oF oG

2 +‘a—x—+ £ 0 (A.2.1)
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with
[P ] [ pu W
pu pul + 7.,
U = , F = s
pU puv + Ty,
oT
L e | L(e+rxx)u+ryxv—k—5;_
(A.2.2)
[ pv ]
pou
G=
po’ 41,
or
L(e +1,)v+1,,u k?y__
and
. _s ou ou 4 av
= P A (ax ay)’
ov ou ov
=p—u—— (=4,
nEPT (3 +8y)
. -1 = ou N av
smtems (2420,
The non-conservative form of the Navier-Stokes equations is (see Eq. (2.3))
Y A% v o'V R A%
—_— A— B— = D E N A.2.3
a e T ay ¢ Fre ARl oyt + Ox Oy ( )
with
p u p 0 O v 0 p O
_ 0
V=u,A=0u l/p,B:OUOO’
v 0 0 u O 00 v 1fp
p 0 yp 0 wu 0 0 » v
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0 0 0 07
A+2
0 T4 9 0
C= p , (A.2.4)
0 £ 0
p
YUp yu
— 0 0
| P Pp |
l’ 0 0 0 0 7
0 % 0o 0
D=
A42 ’
o o 2X*E
p
yup yu
M
| P,p? 0 P
0 0 0 0]
0 0 i;fﬁ 0
E=
p
0 0 0.
The “hyperbolic” symmetrizer, corresponding to Eq. (2.5) is
Bp p 0O p
5. = 0 ¢ 0 —c
10 0 V2 o |
0 pc* 0 pct
(A.2.5)
[ 1 1]
— 0 0 —
Bp poc’
1 1
— 0
o 2c 2pc?
Si'= ]
0 0 —
2c
1 1
0 ——
L 2c 0 2pc? |
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with ¢ = (yp/p)"? and f=1/2(y — 1). The symmetrized matrix coefficients are given

by

Sl_—llCSH =

S5 DS, =

u 0 0 0
O u+c O 0
SplAS, = ,
TR0 0 w0
0 0 0 u—c
"y 0 0 0 W
c
0O v — O
S:'BS, = Ve
0o £, £
V2 V2
0o O £ v
I V2
- Hu _ Pu .
P.p 2P,p 2P,p
B Bu A+ Pu A+
2P,p 4Pyp 2p 4P,p 2p
0 0 a 0
P
B Be A+ Bu A2
| 2P,p 4P,p 2p 4P.p 2p
[ U By B
P.p 2P.p 2P,p
B Bu  w Bu u
2P,p 4P,p 2p 4P,p 2p
A+2
0 0 o 0
p
B Bu w Bu L
| T2P, 4P, 2p 4Pp " 2p |

(A.2.6)
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[0 0 0 0
A
o o 2P
Sq'ES, = V2r
0 A+u _Atu
V2 V2o
A
! V2p
The “parabolic” symmetrizer, corresponding to (2.7) is
[}ﬂ 00 0 1
c
0 1 0 0
SP = ’
0 01 0
—1
2 00 \/ YZ pe
VY y
- - _ (A2.7)
- 0 0 0
Vo
0 1 0 0
Si'= ,
0 01 0
-1
¢ oo =t
Vyy—1p Y pc ]
and the symmetrized coefficients are then
0 <0 o |
vy
-1
—\;_— u 0 \/ Y . c
S;us, = | V7 :
0 0 u 0
—1
0 \/ 4 ¢c O u
L y A
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[ o

S;'BS, =

S;'CS, =

S;'DS, =

S;'ES, =

A.Ill. The Two-Dimensional

Dimensional Algorithm

o = 0
vy
v 0 0
~1
0 v \/y
L ¥
0 \/y—lc v
y
[0 0 0 0 |
A+2
0o 2T 4 o
p
0 £ oo
D
o o o X
[ P.p |
[0 0 0 0
0 4 o 0
p
0 0 A+ 2u 0
L Per
[0 0 0 0 7
0 Atu,
p
A
02X o 0
p
| 0 0 0 J

Conservation-Form Equations

ABARBANEL AND GOTTLIEB

(A.2.8)

and the Two-

The two-dimensional conservation form which corresponds to (3.2) is

¢H

0 0
E—+$(FH+FP+FM)+5(GH+GP+GM)

(A3.2)
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with the fluxes given by

" pu "‘ [ 0 W
o
pu + p a2
F = F. = ox
H 0 El P 61) L]
P ”ax
ou ov oT
L(e+p)u_ L~(/l+2u)ua—x—uv§)~c—k—a—x—
- 0 1
_1%
Fyu= ou ’
ﬂ@y
—lu@—y o
! ay ay
(A.3.3)
- pv ] - 0 ]
ou
puv *ﬂa—
GH = . Gp= y@v :
2 —(A+2u)y—
pv-+p A+ “)ay
ov ou oT
—(A+2 — gy ——k—
e+ )] |~ G+ =k
(A34)
_ 0 -
lé‘v
ox
G, =
M _ou
ﬂ&x
——,uu@-—lvau
ox ox |

Then the two-dimensional algorithm is constructed as

U™ ? = {[L(dt,) LP(At,) L (dt,,) L3 (41,,) LYy (dr,,)]
: [L;;z(Atyy)L;x(Atxx) ny(Atxy)L;y(Aty)Lx(Atx)]} U, (A36)

581/41/1-3
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with the same definitions as in Section III for 7,, o, S*. The two-dimensional scheme
implementation corresponding to Eqgs. (3.8)-(3.14) is as follows:

A
U k:U;l,k (F

n
Hj.1.k FHj,k)’

A
Ul*;k = U;"fk (Fij Hj lk)
Ul = 3UT + UrF) = L (dt,) ULy, (A.3.8)

also,

At

Ul =Ujy— e ~ Fe— Fr),

Pjy1k

At xx
U;’f;«!( = U*k - (FP, k P, 1 k)

U;,Zl = %((]?,k + U;'f;(k) = Lxx(Atxx) Uj"',k' (A39)
and for the y-direction

Ut =Uj  — y (G -Gy, )

Hj k41

At
Utk = U;‘fk_ i} (GH,k GH,k )
Uit =1(Uji + U,*,;") = L,(dt,) U", (A.3.10)

followed by

U/ﬂfk = an - yy (GPJ K+ Gg/'.k)’
U;'f;(k:(]j)'fk— yy (GP,k_Gglk 1)
Uid' =3(Uj + U}'f,’f)ELyy(Atyy) ur, (A.3.11)
and finally for the mixed derivative operator
%k n A n X.V n
Uj,k =V (FM,+1 & FMj—l,k) (GM, P GMj.k—l)’
At At
U** = U}‘jk - 2;; FM,H K Fltl, 1k Gﬂl\ilj.k+l - Gt’j.k—l)’

Ut = HUL + USE) = Loy (d,,) Ul (A3.12)
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the above the instructions for using forward or backward differencing are the same
those given in Section III for the three-dimensional scheme. The above algorithm is

stable under conditions similar to those given for the three-dimensional case, namely,

Ax Ay (4x)?
at, L ————, At o,
" ol +e = 2(u/P,p)

(4y)’
™ 2(m/P,p)

The choice for the maximum eigenvalue of C and D is indicated by the fact that

At, L ———,
“ul+e

and At

yu/P, > A + 2u > u for most fluids under non-extreme flow conditions.

1

2.

o

ot
S O 0~

REFERENCES

. R W. MacCormACKk, in “Lecture Notes in Physics,” Vol. 8, p. 151, Springer—Verlag, New

York/Berlin, 1971.

L. E. Orson, P. R. McGowan, aNnD R. W. MAcCoORMACK, “Numerical Solution of the Time-
Dependent Compressible Navier—Stokes Equations in Inlet Regions,” p. 338, TM X-62, NASA,
March 1974.

. J. 8. SuanG anD W. L. HANKEY, JR., “Numerical Solution of the Navier Stokes Equations for

Supersonic Turbulent Flow over a Compression Ramp,” AIAA Paper 75-4, 1975.

. R, W. MACCORMACK AND B. S. BALDWIN, “A Numerical Method for Solving the Navier—Stokes

Equations with Application to Shock-Boundary Layer Interaction,” AIAA Paper 75-1, 1975.

. G. W. STRANG, SIAM J. Numer. Anal. § (1968), 506-517.

G. 1. MARCHUK, in “Proceedings, Second Symposium Numerical Solution Partial Difference
Equations, Synspade 70” (B. Hubbard, Ed.) Academic Press, New York/London, 1970.

E. TURKEL, Math. Comp. 27, No. 124 (1973), 729-736.

K. O. FRIEDRICKS AND P. D. LAX, Proc. Nat. Acad. Sci. U.S.A. 68, No. 8 (1971), 1686—1688.

D. GOTTLIEB, SIAM J. Numer. Anal. Vol.9 (1972), 650-661.

S. ABARBANEL AND D. GOTTLIEB, Math. Comp. 27 (1973), 506-523.



